The Markov chain Monte Carlo (MCMC) method based on Metropolis-Hastings (MH) sampling is a popular approach in solving seismic acoustic impedance (AI) inversion problem, as it can improve the inversion resolution by statistical prior information. However, the sampling function of the traditional MH sampling is a fixed parameter distribution. The parameter ignores the statistical information of AI that expands sampling range and reduces the inversion efficiency and resolution. To reduce the sampling range and improve the efficiency, we apply the statistical information of AI to the sampling function and build a Gaussian MH sampling with data driving (GMHDD) approach to the sampling function. Moreover, combining GMHDD and MCMC, we propose a novel Bayesian AI inversion method based on GMHDD. Finally, we use the Marmousi2 data and field data to test the proposed method based on GMHDD and other methods based on traditional MH. The results reveal that the proposed method can improve the efficiency and resolution of impedance inversion than other methods.
Introduction
Acoustic impedance (AI) is an important rock property that relates closely to lithology and porosity [1, 2] . Lithology and porosity can evaluate the volume of oil and gas directly in the reservoir [3, 4] . Consequently, obtaining AI from the seismic data is a significant research activity in geophysics. Several methods are applied to invert AI, such as the Band-limited inversion [5] , the linear inversion [6, 7] , and the sparse-spike inversion [8] [9] [10] . However, these methods employ only the seismic data and ignore the other useful prior information. It leads to the low-resolution inversion results.
Bayesian inference makes use of prior information from the known rock properties. It provides an approach to improve the resolution of the inversion result [11] , thus Bayesian inference is widely adopted in seismic inversion such as pro-stack inversion [3, 12, 13] and pre-stack inversion [14] [15] [16] . In AI inversion, the Bayesian AI forward model was proposed. This model uses the posterior probability density function (PDF) and the prior PDF to represent the seismic data and the prior knowledge of rock property and combines the posterior and prior PDF and builds a maximum likelihood estimation problem to represent the AI inversion problem. To solve this problem, many methods
Methodology

Forward Model
The Bayesian AI forward model uses the Bayesian theory to establish the relationship between post-stack observed seismic data and AI [11] . The relationship is indicated by a conditional PDF p(l s) , where l ∈ R n is shown as l = ln(z),
where z ∈ R n is AI, s represents the observed seismic data. However, this conditional PDF cannot be represented by an independent distribution. Consequently, we express this PDF by Bayes rule. It is represented by p(l s) = p(l)p(s l)/p(s),
where p(l) denotes the probability distribution of l, p(s l) represents the probability distribution of s, when l is known. p(s) denotes the probability distribution of s, p(l s) represents the probability distribution of l, when s is known. Thus the distribution of p(l s) is related to the distribution of p(l)p(s l) as shown in Equation (3) . p(l s) ∝ p(l)p(s l).
With respect to p(s l) , the relationship between s and l should be supplied. Reflection coefficient provides a bridge to relate these two vectors. Based on the convolution Equation [40] , we build the model between post-stack seismic data and reflection coefficient that is shown by s = w * r + n,
where s ∈ R (m+n−1)×1 denotes the seismic data, ω ∈ R m×1 is the wavelet, r ∈ R (n−1)×1 represents the reflection coefficient, n ∈ R (m+n−1)×1 denotes the random noise, and * is the convolution operator. When r is no more than 0.3, r can be solved by the impedance [41] . The relationship is obtained from
where r i is the i-th element of r, l i is the i-th element of l. Fortunately, the seismic reflection coefficient is about 0.2 [8] , thus Equation (5) can be employed in the seismic data. Also, Equation (5) can be rewritten as a matrix
where B ∈ R (n−1)×n denotes the difference matrix defined by
Combining Equation (4) with (6), we can obtain the mathematical model between s and l shown by
Using the matrix operation to replace the convolution operation, Equation (8) can be rewritten as
where W ∈ R (m+n−1)×(n−1) denotes the convolution matrix from w represented by
where w i is the i-th element of w, m represents the number of w. The Gaussian white noise is used to represent n [42] , thus the PDF of n is obtained from
δ n 2 indicates the variance expressed as
To proceed further, we interpret p(s l) as a likelihood function, expressed as Equation (13) .
Thus, the distribution s − WBl is assumed to be a Gaussian. Then, we have to assign the PDF of p(l). The distribution of l can also be approximated as a Gaussian distribution [27] . Consequently, Gaussian distribution is employed to represent p(l) that is shown by
where µ l , δ l 2 are the mean and variance of the logarithmic impedance l.
Combining Equation (13) with (14), we obtain an expression for the distribution of impedance when seismic data are known. p(l s) is represented by
We simplify Equation (17) and introduce weighting factors in the forward model, thus the forward model is presented by
where C is a constant, C 1 , C 2 represent the weighting factors.
Metropolis-Hastings Sampling
The MCMC method based on MH is a popular method to solve the inversion problem. It includes three steps. First, it builds a sampling function to get a new sample. Second, it calculates the likelihood function of the old and new samples by the Bayesian theorem. Third, it introduces a discriminant function by the likelihood function to select the sample and forms a Markov chain which satisfies the steady state. Finally, it calculates the mean of the part of the Markov chain as the inversion result. The iteration process of MH about vector l is proposed in Algorithm 1. , 1 ;
7:
Compute the value u ∝ u(0, 1); 
Bayesian AI Inversion Based on GMHDD
As indicated from Algorithm 1, the choice of sampling function influences the efficiency and accuracy of the inversion. However, the traditional sampling function ignores the statistical information of the impedance which can improve efficiency and accuracy. Consequently, we need to analyse the statistical information of the impedance including mean and variance. Moreover, we propose a GMHDD approach to the sampling function that is obtained from
Thus, the relationship between l t and l new is indicated by
We employ the novel inversion method based on GMHDD. It is worth noting that the seismic data are two-dimensional but the above method is applied in one-dimension. So we extract the seismic data S by the trace and employ the novel method in seismic data of each trace s = S(i). Based on Equation (20), we renew the impedance l new from l t . To build the discriminant function, we compute the forward model of l t , l new .
Combining Equation (21) with Equation (22), we apply the discriminant function that is defined by
Opting a random number u by the uniform distribution u(0, 1), we update the t+1th logarithmic impedance l t+1 . 
Finally, repeating the single trace inversion to all traces, we obtained the two-dimensional impedance Z.
We structure the algorithm framework of the inversion based on GMHDD which is displayed in Algorithm 2.
Algorithm 2 The inversion based on Gaussian MH sampling with data driving (GMHDD)
Input: C, C 1 , C 2 , S, Z 0 ∆t, tol, trace. Output: Inversion result Z.
Choose the single trace of seismic data s = S(i) and impedance l 1 = ln(Z 0 (i));
, 1 ;
8:
Obtain u ∝ U(0, 1); 
Experiments
In this section, we apply the Marmousi2 model and field data to test the proposed method. We compare the proposed method based on GMHDD with two other methods based on traditional MH intuitively where the sampling functions of traditional MH are Uniform distributions of fixed parameters U(−1, 1) named UMH and Gaussian distributions of fixed parameters N(0, 1) named GMH. Moreover, we analyse the inversion results objectively through the root mean square error (RMSE) and signal noise ratio (SNR).
Marmousi2 Model
The Marmousi2 model is the most published theoretical model that is used by many researchers in the geophysics [43] . We chose a portion of the Marmousi2 model to compare the proposed method based on GMHDD and other methods based on GMH [44] and UMH [45] . The model includes 1001 traces and each trace has 249 sampling points (depicted in Figure 1a ). Based on Equation (5), we obtained the reflection coefficient of the Marmousi2 model (see Figure 1b) . Then, we built a 30 Hz main frequency Ricker wavelet and computed the synthetic seismic data of the Marmousi2 model. We add 20% Gaussian white noise in the seismic data to obtain the noisy seismic data. The noisy seismic data are represented in Figure 1c . To improve the efficiency of the inversion, we built an initial model by filtering the true impedance with a Gaussian filter whose size and standard deviation are 51 × 51 and 1 × 10 3 . The initial model is shown in Figure 1d . based on GMHDD and other methods based on GMH [44] and UMH [45] . The model includes 1001 traces and each trace has 249 sampling points (depicted in Figure 1a ). Based on Equation (5), we obtained the reflection coefficient of the Marmousi2 model (see Figure 1b) . Then, we built a 30Hz main frequency Ricker wavelet and computed the synthetic seismic data of the Marmousi2 model. We add 20% Gaussian white noise in the seismic data to obtain the noisy seismic data. The noisy seismic data are represented in Figure 1c . To improve the efficiency of the inversion, we built an initial model by filtering the true impedance with a Gaussian filter whose size and standard deviation are 51 × 51 and 1 × 10 3 . The initial model is shown in Figure 1d . The three methods are used to invert AI of the Marmousi2 model. The inversion result is displayed in Figure 2 , where Figure 2a is the inversion result based on GMHDD, Figure 2b is the inversion result based on UMH, Figure 2c is the inversion result based on GMH. It is concluded qualitatively from Figure 2 that the method based on GMH can obtain more robustness result than the method based on UMH, thus the Gaussian distribution is more suitable for AI inversion than the Uniform distribution. Furthermore, the inversion result based on GMHDD is more robustness than that based on GMH. Figure 2c is the inversion result based on GMH. It is concluded qualitatively from Figure 2 that the method based on GMH can obtain more robustness result than the method based on UMH, thus the Gaussian distribution is more suitable for AI inversion than the Uniform distribution. Furthermore, the inversion result based on GMHDD is more robustness than that based on GMH. based on GMHDD and other methods based on GMH [44] and UMH [45] . The model includes 1001 traces and each trace has 249 sampling points (depicted in Figure 1a ). Based on Equation (5), we obtained the reflection coefficient of the Marmousi2 model (see Figure 1b) . Then, we built a 30Hz main frequency Ricker wavelet and computed the synthetic seismic data of the Marmousi2 model. We add 20% Gaussian white noise in the seismic data to obtain the noisy seismic data. The noisy seismic data are represented in Figure 1c . To improve the efficiency of the inversion, we built an initial model by filtering the true impedance with a Gaussian filter whose size and standard deviation are 51 × 51 and 1 × 10 3 . The initial model is shown in Figure 1d . The three methods are used to invert AI of the Marmousi2 model. The inversion result is displayed in Figure 2 , where Figure 2a is the inversion result based on GMHDD, Figure 2b is the inversion result based on UMH, Figure 2c is the inversion result based on GMH. It is concluded qualitatively from Figure 2 that the method based on GMH can obtain more robustness result than the method based on UMH, thus the Gaussian distribution is more suitable for AI inversion than the Uniform distribution. Furthermore, the inversion result based on GMHDD is more robustness than that based on GMH. In Figure 4 , we present the relationship between the mean square error and the iteration number, where the red line is the relationship based on GMHDD, the green dashed line is the relationship based on GMH, the blue dotted line is the relationship based on UMH. When the iteration number is the same, the mean square error based on GMHDD is lower than the two other methods. This result demonstrates that the proposed method can improve the accuracy of the inversion result. In Figure 4 , we present the relationship between the mean square error and the iteration number, where the red line is the relationship based on GMHDD, the green dashed line is the relationship based on GMH, the blue dotted line is the relationship based on UMH. When the iteration number is the same, the mean square error based on GMHDD is lower than the two other methods. This result demonstrates that the proposed method can improve the accuracy of the inversion result. In Figure 4 , we present the relationship between the mean square error and the iteration number, where the red line is the relationship based on GMHDD, the green dashed line is the relationship based on GMH, the blue dotted line is the relationship based on UMH. When the iteration number is the same, the mean square error based on GMHDD is lower than the two other methods. This result demonstrates that the proposed method can improve the accuracy of the inversion result. Simultaneously, the iteration number of the proposed method is the lowest in the same mean square error that indicates the proposed method can increase the efficiency of the inversion. Simultaneously, the iteration number of the proposed method is the lowest in the same mean square error that indicates the proposed method can increase the efficiency of the inversion. Figure 5 contains the synthetic seismic data of the result based on GMHDD and Marmousi2 model, the noisy synthetic seismic data of the MAarmousi2 model. As shown in Figure 5 , the result based on GMHDD is similar to Marmousi2 model. The result means the proposed method performs well in conditions of low SNR of the seismic data. Table 1 shows the RMSE and SNR of each method, where the greatest performances are indicated in bold. It can be illustrated in Table 1 that the proposed method has the lowest RMSE and highest SNR among three methods. These results show the proposed method can improve the accuracy and get an inversion result with less noise. Figure 5 contains the synthetic seismic data of the result based on GMHDD and Marmousi2 model, the noisy synthetic seismic data of the MAarmousi2 model. As shown in Figure 5 , the result based on GMHDD is similar to Marmousi2 model. The result means the proposed method performs well in conditions of low SNR of the seismic data. Simultaneously, the iteration number of the proposed method is the lowest in the same mean square error that indicates the proposed method can increase the efficiency of the inversion. Figure 5 contains the synthetic seismic data of the result based on GMHDD and Marmousi2 model, the noisy synthetic seismic data of the MAarmousi2 model. As shown in Figure 5 , the result based on GMHDD is similar to Marmousi2 model. The result means the proposed method performs well in conditions of low SNR of the seismic data. Table 1 shows the RMSE and SNR of each method, where the greatest performances are indicated in bold. It can be illustrated in Table 1 that the proposed method has the lowest RMSE and highest SNR among three methods. These results show the proposed method can improve the accuracy and get an inversion result with less noise. Table 1 shows the RMSE and SNR of each method, where the greatest performances are indicated in bold. It can be illustrated in Table 1 that the proposed method has the lowest RMSE and highest SNR among three methods. These results show the proposed method can improve the accuracy and get an inversion result with less noise.
In general, introducing the statistical information of AI in the sampling function can improve the efficiency and accuracy of the inversion result in the Marmousi2 model. Also, the proposed method based on GMHDD have a good anti-noise ability. However, these results fluctuate about the true model. 
Field Data
Field data comes from a seismic survey from Africa and is displayed in Figure 6a . It includes 512 traces with 1 ms sampling interval. To get the initial model, we extrapolated the well log by the horizons and filtered the result by the Gaussian filter. The initial model is shown in Figure 6b . We employ the proposed method to invert the field data. The inversion result is represented in Figure 6c , where the white line is a well log. In addition, we synthesize the seismic data by the inversion result of the proposed method. The synthetic seismic data are displayed in Figure 6d . We compared Figure 6b with Figure 6c and found the inversion result of the proposed method includes more information than the initial impedance. This result shows qualitatively that the proposed method can improve the resolution of the impedance. Also, we compared Figure 6a with Figure 6d and found the synthetic seismic data of the inversion result is similar to the seismic record. It expresses the inversion result obeys the field geological law. In general, introducing the statistical information of AI in the sampling function can improve the efficiency and accuracy of the inversion result in the Marmousi2 model. Also, the proposed method based on GMHDD have a good anti-noise ability. However, these results fluctuate about the true model.
Field data comes from a seismic survey from Africa and is displayed in Figure 6a . It includes 512 traces with 1 ms sampling interval. To get the initial model, we extrapolated the well log by the horizons and filtered the result by the Gaussian filter. The initial model is shown in Figure 6b . We employ the proposed method to invert the field data. The inversion result is represented in Figure 6c , where the white line is a well log. In addition, we synthesize the seismic data by the inversion result of the proposed method. The synthetic seismic data are displayed in Figure 6d . We compared Figure  6b with Figure 6c and found the inversion result of the proposed method includes more information than the initial impedance. This result shows qualitatively that the proposed method can improve the resolution of the impedance. Also, we compared Figure 6a with Figure 6d and found the synthetic seismic data of the inversion result is similar to the seismic record. It expresses the inversion result obeys the field geological law. In Figure 7 , we chose three traces near the well log to analyse the degree of matching between the inversion result and well log. It is concluded from the comparison between Figure 7a with Figure  7b that the layer information of the inversion result near the well log can match well with the peaks In Figure 7 , we chose three traces near the well log to analyse the degree of matching between the inversion result and well log. It is concluded from the comparison between Figure 7a with Figure 7b that the layer information of the inversion result near the well log can match well with the peaks and troughs of the well log, where the unit of colors is m/s*g/cm 3 . It means the inversion results obey the structure of this field data. and troughs of the well log, where the unit of colors is m/s*g/cm 3 . It means the inversion results obey the structure of this field data.
(a) (b) Figure 8 contains a single trace data near the well log based on three methods, where the red line represents the inversion result, the blue dotted line expresses the initial model, the green dashed line indicates the impedance of the well log. As indicated from Figure 8a the inversion result of the proposed method is similar to the impedance near the well log. Also, comparing with the initial model, the resolution of the inversion result is higher. It means the proposed method can get an inversion result with high accuracy and resolution. In addition, comparing Figure 8a with the two other subgraphs, the inversion result of the proposed method appears qualitatively closer to the impedance of the well log than two other methods in the red circle. Figure 8 contains a single trace data near the well log based on three methods, where the red line represents the inversion result, the blue dotted line expresses the initial model, the green dashed line indicates the impedance of the well log. As indicated from Figure 8a the inversion result of the proposed method is similar to the impedance near the well log. Also, comparing with the initial model, the resolution of the inversion result is higher. It means the proposed method can get an inversion result with high accuracy and resolution. In addition, comparing Figure 8a with the two other subgraphs, the inversion result of the proposed method appears qualitatively closer to the impedance of the well log than two other methods in the red circle. We computed the mean square error between the well log and inversion result near the well log and displayed the relationship between the mean square error and the iteration number in Figure 9 , where the red line is the relationship based on GMHDD, the green dashed line is the relationship based on GMH, the blue dotted line is the relationship based on UMH. If the mean square error is the same, the iteration number of the proposed method is lowest. It confirms the proposed method can increase the efficiency of the inversion. If the iteration number is the same, the mean square error based on the proposed method is lower than the two other methods. It demonstrated the proposed method can improve the accuracy of the inversion result. We computed the mean square error between the well log and inversion result near the well log and displayed the relationship between the mean square error and the iteration number in Figure 9 , where the red line is the relationship based on GMHDD, the green dashed line is the relationship based on GMH, the blue dotted line is the relationship based on UMH. If the mean square error is the same, the iteration number of the proposed method is lowest. It confirms the proposed method can increase the efficiency of the inversion. If the iteration number is the same, the mean square error based on the proposed method is lower than the two other methods. It demonstrated the proposed method can improve the accuracy of the inversion result. In Figure 10 , We synthesized the seismic data by the inversion result of GMHDD and chose 10 traces to compare with the seismic record of the field data. Also, we compute the error between the seismic record of the field data with the synthesize seismic data of the proposed method. We can see from Figure 10 that the error between the seismic record of the field data and the synthesize seismic data of the inversion result is small. It suggests the synthesize seismic data by the proposed method can match the seismic record well and the inversion results obey the law of the observed field data. Table 2 shows the RMSE of three methods based on field data, where the best performances are indicated in bold. Comparing the three methods, the RMSE of the proposed method is lowest among Figure 9 . The relationship between the mean square error and iteration number from the three methods.
In Figure 10 , We synthesized the seismic data by the inversion result of GMHDD and chose 10 traces to compare with the seismic record of the field data. Also, we compute the error between the seismic record of the field data with the synthesize seismic data of the proposed method. We can see from Figure 10 that the error between the seismic record of the field data and the synthesize seismic data of the inversion result is small. It suggests the synthesize seismic data by the proposed method can match the seismic record well and the inversion results obey the law of the observed field data. We computed the mean square error between the well log and inversion result near the well log and displayed the relationship between the mean square error and the iteration number in Figure 9 , where the red line is the relationship based on GMHDD, the green dashed line is the relationship based on GMH, the blue dotted line is the relationship based on UMH. If the mean square error is the same, the iteration number of the proposed method is lowest. It confirms the proposed method can increase the efficiency of the inversion. If the iteration number is the same, the mean square error based on the proposed method is lower than the two other methods. It demonstrated the proposed method can improve the accuracy of the inversion result. In Figure 10 , We synthesized the seismic data by the inversion result of GMHDD and chose 10 traces to compare with the seismic record of the field data. Also, we compute the error between the seismic record of the field data with the synthesize seismic data of the proposed method. We can see from Figure 10 that the error between the seismic record of the field data and the synthesize seismic data of the inversion result is small. It suggests the synthesize seismic data by the proposed method can match the seismic record well and the inversion results obey the law of the observed field data. Table 2 shows the RMSE of three methods based on field data, where the best performances are indicated in bold. Comparing the three methods, the RMSE of the proposed method is lowest among Table 2 shows the RMSE of three methods based on field data, where the best performances are indicated in bold. Comparing the three methods, the RMSE of the proposed method is lowest among three methods. It indicates the proposed method can improve the accuracy of the inversion results than other traditional methods. In general, the proposed method based on GMHDD can obtain an inversion result with high accuracy and high resolution in the field data trials. Moreover, the proposed method based on GMHDD improves efficiency and accuracy than two other methods based on traditional MH.
Conclusions and Discussion
In this article, we applied statistical information of AI to the sampling function of MH and built a novel GMHDD approach to the sampling function. Moreover, we combine MCMC with GMHDD and proposed a novel Bayesian AI inversion method based on GMHDD. Moreover, we used the Marmousi2 model and field data to test the proposed method based on GMHDD. The results reveal the inversion based on GMHDD has a strong de-noising ability and can improve the efficiency and accuracy of inversion result. We compared the proposed method with two methods based on traditional MH. The results show the inversion based on GMHDD has the highest efficiency and accuracy among the three methods.
In fact, we did not consider the biasedness of the prior distribution in this paper. The bias of the prior has a significantly negative effect on the posterior, thus the biasedness of the prior distribution will be used in our future work [46] . Moreover, we only used the GMHDD in the post-stack seismic data whose incident and reflection are vertical in this paper. However, there are many Bayesian forward models of pre-stack seismic data where the reflection coefficient represents reflections from a stack of layers, such as AVO forward model [14] , AVA forward model [47] . Consequently, we will use GMHDD in pre-stack seismic data in future work. Also, we used the Gaussian distribution to build the distribution of impedance. However, there are many methods that use the non-Gaussian distribution to build the distribution of impedance, such as α-stable distribution [48] , Cauchy distribution [49] , and uniform distribution [50] . We will study and apply the non-Gaussian distribution to build the distribution of impedance in future work. 
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